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Abstract:  Singularity of Navier-Stokes equations is uncovered for the first time which 
explains the mechanism of transition of a smooth laminar flow to turbulence. It is found that 
when an inflection point is formed on the velocity profile in pressure driven flows, 
discontinuity occurs at this point at which the velocity is zero. This discontinuity makes the 
Navier-Stokes equations to be singular and causes the flow to become indefinite downstream 
the discontinuity. Meanwhile, pressure pulse is produced at the discontinuity due to 
conservation of total mechanical energy. The singularity of Navier-Stokes equations is the 
inherent mechanism of sustenance of fully developed turbulence.   
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I Introduction  
Turbulence is one of the most important scientific problems in physics. Reynolds 
pioneered the work for pipe flow in 1883, which proved that there are two types of flow states, 
laminar flow and turbulence [1]. Since then, substantial work has been done in theories, 
experiments and simulations on turbulence during the past 130 years or so. Although great 
progress has been made, the physical mechanism of turbulence is still poorly understood.  
Over the years, it has been suggested that transition of laminar flow to turbulence is 
caused by the instability of laminar flow [2,3]. The flow between two parallel plates is a 
classical flow problem. Heisenberg [2] obtained an approximate solution of the stability 
equation by the derivation of the linearized Navier-Stokes equations and gave the boundary of 
stability on the diagram of wave number versus the Re number. Lin [3] proved by 
mathematical asymptotic analysis that the flow between the two parallel plates would be 
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unstable and obtained the critical Re number to be 8000. However, whether or not turbulence 
would occur after flow instability setting in was not clarified. Orszag obtained the critical Re 
number to be 5772 by calculating with the spectral method [4]. This is the most accurate 
value recognized in the literature. However, the critical Re number of turbulent transition 
obtained from experiments is about 1000. This inconsistency between the theory and the 
experiment has been perplexing the understanding of turbulent transition [4-7].  
A large quantity of experimental data and numerical calculations show that turbulence is 
a local phenomenon when it first starts [8-14]. With the increase of Re and the development 
of disturbance, the inflection point first appears on the velocity profile in laminar flow, 
followed by the formation of hairpin vortices which leads to the turbulence spots. During the 
transition, the velocity profile is subjected to a continuous modification [7,11,14-16]. It is 
found that the appearance of the velocity inflection point is a key step of turbulent transition 
[11-16] and recently experiment confirmed that turbulence is indeed sustained by an 
inflection point instability [13]. More studies indicate that there is a very large scale motions 
(VLSMs) in the outer layer of boundary layer and channel flows and they are related to the 
spanwise vortices and the velocity inflections[17-24].  
Dou and co-authors proposed an energy gradient method for the study of flow stability 
and turbulent transition [25-33]. It is found that the inflection point on the velocity profile for 
the pressure driven flow is a singular point hidden in the Navier-Stokes equations. It is 
obtained for pressure driven flows that the necessary and sufficient condition for the turbulent 
transition is the existence of an inflection point on the velocity profile [25,27,29]. However, 
the characteristics of velocity change at the inflection point have not been given, and the 
discontinuity of flow parameters has not been accurately described.  
Large quantities of theoretical, experimental and direct numerical simulation results 
show that the Navier-Stokes equations are the governing equations to correctly describe both 
the laminar flow and the turbulent flow. As such, the physical mechanism of turbulent 
transition should exist in the Navier-Stokes equations. The mechanism of turbulence 
generation should be consistent and unique, no matter what type of turbulence such as wall 
bounded turbulence or free boundary turbulence.  
There is discontinuity in the time-averaged Navier-Stokes equations during the transition 
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from laminar flow to turbulence, as commonly observed from the drag coefficient [34-35]. On 
the other hand, it was found that there is discontinuity of streamwise velocity in full 
developed turbulent flow [36-37]. It seems that the discontinuity of streamwise velocity is 
related to the large scale motion in boundary layer and the sloping shear layer with transverse 
vorticity. However, this very important phenomenon of discontinuity has not been obtained 
sufficient attention during the past thirty years. The mechanism of discontinuity of streamwise 
velocity is still not clear. It is very important to determine the origin of discontinuity in the 
governing equations from mathematics and physics, to understand the mechanism of turbulent 
transition as well as the mechanism of fully developed turbulence.  
In this paper, the singularity of Navier-Stokes equations will be analyzed through the 
derivation of the Navier-Stokes equations and the analysis of the velocity profile for plane 
Poiseuille flow. The origin of turbulent transition and the mechanism of fully developed 
turbulence sustenance will then be discussed. 
II Discovering the Singularity of Navier-Stokes equations 
The time-averaged Navier-Stokes equations of incompressible fluid are as follows for 
laminar and turbulent flows, respectively [34-35],  
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where   is the fluid dynamic viscosity, p is the static pressure,   is the fluid density, u is 
the velocity vector, and t  is the turbulent stress tensor.  
Thus, it can be observed from Eqs.(1) and (2) that there is discontinuity from laminar 
flow to turbulence in the time-averaged Navier-Stokes equations due to existence of t . 
Therefore, there must be a discontinuity in laminar flow from which the flow transits to 
turbulence (Fig.1). This discontinuity indicates that there is singularity in the time-averaged 
Navier-Stokes equations of the laminar flow. If the mechanism of the said discontinuity is 
found, the physics of turbulent transition would be consequently understood.  
For the pressure driven flow between two parallel walls (Fig.2), the continuity and the 
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Navier-Stokes equations of the laminar flow for incompressible fluid can be written as 
follows by neglecting the gravitational force [34-35], 
0u  .                    (3a) 
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and the wall boundary condition is 
0u  .        .           (3c) 
 
With the identity, 
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The Eq.(3b) is rewritten as  
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Here, V is magnitude of the total velocity and 
25.0 VpE   is the total mechanical 
energy of unit volumetric fluid. 
 The Eq.(5) can be written as follow along the streamline direction, 
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where u is velocity component in x direction.   
For parallel flow, 
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The omitting of the term 
22 / xu   from Eq.(6) to Eq.(7) will not affect the conclusions 
obtained in the following sections, for which further clarification and statement will be given 
later.  
For incompressible flow, the total mechanical energy is constant along a streamline in 
inviscid flow, 0/  xE , while it will decrease along a streamline in viscous flow, 
0/  xE , due to viscous friction. This statement is only correct for pressure driven flows, 
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for example, plane Poiseuille flow and pipe Poiseuille flow [25, 27]. For shear driven flow, 
this statement is not correct due to the input of external work, for example, in plane Couette 
flow [26, 28].  
When there is an inflection point on the velocity profile, the flow status can be classified 
as the following three cases (Fig.3), (a) inflection point is not located at the wall; (b) 
inflection point is located at the wall; (c) inflection point is not located at the wall, but the 
velocity profile shows 0'' u  at the wall. Here, ''u  expresses the second derivative of the 
velocity to y, 
22 / yu  . 
In the following, the behavior of the inflection point is first analyzed for case (a), as 
shown in Fig.4. The incoming velocity profile is a laminar flow, 0u  and 0'' u , and 
there is no inflection point on the velocity profile (Fig.4(a)). With the flow forward, as the 
interaction of base flow with the disturbance progresses, the velocity profile is distorted. The 
magnitude of ''u  in some place on the velocity profile, ''u , is reduced. At some location 
such as at position A, ''u  first becomes zero, and an inflection point appears at position A, 
Ayy  , 0'' Au  (Fig.4(b)). For plane Poiseuille flow, this position occurs generally at 
about 0.58 fraction of the width from centerline from theory and experiment [25, 27].     
From Eq.(7), Eq.(8) is obtained at the inflection point A due to 0'' Au  (Fig.4(b)),   
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Since there may be 0/  tu  or 0/  tu  in unsteady flow, from Eq.(8), there is at least 
one moment in a disturbance period when 0/  xE  at Ayy  . According to the 
principle of viscous flow, 0/  xE  leads to 0Au .  Thus, when the incoming flow 
reaches the inflection point, the velocity suddenly changes to zero. This means that 
discontinuity appears at Ayy  , which makes the Navier-Stokes equations be singular. 
With further development, the velocity profile may evolve into the one as shown in Fig.4(c), 
where a section of 0'' u  is produced on the velocity profile. This is typical for pressure 
driven parallel flows as observed from experiments and simulations [7, 11-16].  
Now, we go back to Eqs.(6) and (7). When the incoming flow approaches the inflection 
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point, 
22 / xu   in Eq.(6) may not be zero, but its magnitude is very small. In Fig.4(b), 
22 y/ u <0 except at point A. If 22 / xu  >0 at point A in Fig.4(b), a minute displacement 
upward or downward from the inflection point A is able to make 0)//( 2222  yuxu . 
If 
22 / xu  <0 at point A, looking at Fig.4(c), a minute displacement downward from the 
inflection point A is able to make 0)//( 2222  yuxu , where 22 / yu  >0 and it can 
offset the value of 
22 / xu  . Therefore, even if 22 / xu   is not zero at point A, Eq. (8) is 
still correctly established in the neighborhood of point A. There is always one point where 
0)//( 2222  yuxu  after the velocity inflection point appears.   
 In the case of an inflection point appearing at the wall, shown in Fig.3(b), the velocity at 
the inflection point always equals to the wall velocity, 0u . Thus, the problem of 
discontinuity of velocity does not exist in this case. 
 In the case of an inflection point appearing not at the wall, but 0'' u  near the wall, 
shown in Fig.3(c), this case only occurs in flows with adverse pressure gradient, for example, 
divergent channel flows [34-35]. This case of non-parallel flows will not be discussed in this 
study. 
 Thus far, the singularity of Navier-Stokes equations is theoretically discovered through 
the discussions on Eq.(6) to Eq.(8), and the streamwise velocity must be zero at an inflection 
point.  
 
III Discussions 
(1) Laminar-Turbulent transition 
For pressure driven laminar flows of incompressible fluid in parallel flow configurations, 
we have obtained in the previous section that the inflection point on the velocity profile is a 
singular point of the Navier-Stokes equations. No matter how large of the magnitude of the 
incoming velocity, the velocity must change to zero at the inflection point. However, owing to 
the resistance produced by the fluid viscosity, the velocity is actually not zero there, but a 
deep valley is produced (Fig.5a). Simultaneously, pulse of pressure may be generated at the 
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inflection point owing to the conservation of total mechanical energy (Fig.5b). On the other 
hand, the value of velocity after this discontinuity may be indefinite owing to the behavior of 
singularity. This is the reason why the behavior of turbulence is generally indefinite for a 
given laminar base flow. As such, a laminar flow can lose its stability and transit to turbulence 
locally via this singular point at a sufficient high Reynolds number.  
Figure 6 shows the experimental result of pressure distribution in a puff of pipe flow 
during a turbulent transition [38]. A pressure pulse is produced at the location of the puff. This 
is in agreement with the theoretical result in Fig.5. A discontinuity of streamwise velocity 
leads to the pulse of pressure. For this type of pressure distribution, there has not been 
reasonable explanation in the literature.  
Schlatter et al. did some large-eddy simulation of spatial transition in a plane channel 
flow [39]. It is found that the streamwise distribution of velocity indicates that there is a deep 
valley at the “spike” location. A typical low-velocity “spike” stage associated with the 
transitional breakdown is shown in Fig.7 with the distribution of instantaneous streamwise 
velocity. The position is located at a wall-normal position z = −0.47 in the peak plane with 
associated the strong shear layer for channel flow [39], with resolution 1024 × 64 × 65, 
high-resolution ADM-RT, no-model LES (low-resolution spatial DNS). This velocity profile 
is associated with the passage of the first hairpin vortex. From these observations, the valley 
model of velocity proposed in Fig. 5 is confirmed. 
Figure 8 shows that streamwise velocity u for the various spike stages at a wall-normal 
position z = −0.47 in the peak plane computed using ADM-RT on 512×32×33 grid points [39]. 
It indicates that the flow develops from one spike stage, two spike stage, three spike stage, to 
four spike stage. With the increase of spike numbers, the flow becomes with more oscillation. 
It is observed that the discontinuity of streamwise velocity is the key step in the development 
of turbulent transition.  
Dou and co-authors have reached the conclusion before by employing the energy 
gradient method that the inflection point on the velocity profile is a singularity of the 
Navier-Stokes equations in pressure driven flows [25, 27, 29, 33]. At the inflection point, the 
energy gradient function, which can be considered as a local Reynolds number, is infinite. As 
such, even if with a very small amplitude of disturbance, instability can be stimulated.  
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As early as in 1880, Rayleigh obtained by linear stability analysis that the necessary 
condition for instability of inviscid flow is the existence of an inflection point on the velocity 
profile [40]. Later, Tollmien proved that the inflection point on the velocity profile is also a 
sufficient condition for instability of inviscid parallel flows with a symmetric profile [41].  
It needs to be pointed out that the physical mechanism of the inflection point in inviscid 
flow is completely different from that of the inflection point in viscous flow. In inviscid flow, 
there is no discontinuity at the inflection point. In viscous flow, there is discontinuity at the 
inflection point. In inviscid flow, there is no loss of total mechanical energy along the 
streamline in the whole flow field. In viscous flow, there is a drop of the total mechanical 
energy along the streamline, except at the inflection point. Here, the effect of viscosity does 
not appear at the inflection point due to 0'' u . 
For plane Couette flow, ''u =0 does not mean that viscosity does not play a role, because 
input of external work counteracts exactly the energy loss due to viscosity. Thus, there is no 
discontinuity at a position where 0'' u  [28]. Actually, there is 0'' u  for the whole 
velocity profile of laminar plane Couette flow.  
(2) Fully Developed Turbulence 
Referring to the governing equations (3) to (7) for laminar flow in plane Poiseuille flow, 
the time-averaged Navier-Stokes equation along the streamwise direction for turbulent flow, 
can be written as follows [34-35]:  
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where t  is the turbulent eddy viscosity. 
For fully developed turbulent flows, it can also be proved that the inflection point on the 
velocity profile is still a discontinuity point by applying the procedure in previous section 
using Eq.(9). According to present analysis, the flow is always unstable due to singularity of 
the governing equations at the inflection point. When fluid particle passes this singularity, 
discontinuity of velocity is generated, and the value of velocity becomes indefinite after the 
discontinuity. Meanwhile, the velocity becomes to be of oscillation, and pressure fluctuation 
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is produced. The flow indefinite behavior and oscillation resulted from inflectional instability 
is the main mechanism of maintaining the turbulence.  
In fully developed turbulent flow, there are numerous vortices distributed in the flow 
field, large scales or small scales [17]. These vortices move downstream with spatial and 
temporal variations, and they make the streamwsie velocity to be inflectional [17-20]. Thus, 
each vortex moving downstream contains one singularity point at the vortex center, which 
forms a velocity valley and a pressure pulse. A large quantity of vortices in turbulence results 
in flow field of fluctuation of velocity and pressure. Therefore，it may be said that turbulence 
is composed of a large quantity of singularities. At these locations, the incoming flow is 
trapped into singularities. After that, the velocity becomes indefinite and is not predictable. 
These singularities are somewhat similar to black holes in astrophysics [42]. 
The coherent structure of wall bounded turbulence can be reasonably explained based on 
above analyses. In turbulence, the streamwise vortices help the formation of velocity 
inflection of the streamwise velocity [17, 24, 43]. The inflection point on the velocity profile 
leads to instability due to discontinuity. A section of velocity profile with 0'' u  can be 
produced and a spanwise vortex can be formed around the inflection point (Fig.4(c)), which is 
farther from the wall than the streamwise vortices, as shown in [17-24, 43]. Finally, a hairpin 
vortex is generated through three dimensional evolutions of spanwise vortex and streamwise 
vortices, which forms the core part of a turbulent spot [17-24]. Compared to spanwise 
vortices, the streamwise vortices play less role in the transition since the velocity magnitude 
in the plane perpendicular to the streamwise direction is much lower. This analysis is 
consistent with the review that it is the instability of the vertical shear layers induced by 
longitudinal rolls that may be more important [43]. The vortex head of the hairpin vortex will 
be the “driving force” to sustain turbulence since it causes large discontinuity of streamwise 
velocity. It also plays a role to transmit energy into the vortex from the streamwise flow by 
the rolling up process.  
Now, the following questions can be answered from this study: 
(1) Why can a smooth laminar flow be transited to turbulence?  This is due to 
singularity of Navier-Stokes equations at an inflection point. The value of the velocity of fluid 
particle passing this position will be discontinuous and indefinite. 
 10 / 17 
 
(2) Why is there strong oscillation in turbulence?  This is caused by the discontinuity of 
flow parameters at inflection point. Any magnitude of incoming velocity must drop to zero at 
this location, which results in pressure pulse and flow oscillation.  
(3) Why does large scale coherent structure coexists with small scale random motion in 
turbulence? The coherent structure is dominated by the singular point of the Navier-Stokes 
equations, while the random motion is the result of the oscillation of fluid around the singular 
points. 
(4) Why is there intermittency in turbulence?  Intermittency is caused by the vortices 
containing singularity which pass the observation location.  
(5) Why can a turbulent flow not be duplicated?  This is caused by the indefinite 
behavior of flow due to singularity of Navier-Stokes equations at discontinuity. This may be 
useful information for the mathematical problem about the existence and smoothness of the 
Navier-Stokes equations [44]. 
(6) Is there a smooth solution for turbulence with Navier-Stokes equations? No, this is 
because both the velocity and its derivative are not continuous at the discontinuity. 
 
IV Conclusions  
 The following conclusions can be drawn from this study. 
(1) For the pressure driven incompressible flow, the singularity of Navier-Stokes 
equations is exactly uncovered through the derivation of the Navier-Stokes equations and the 
analysis of the velocity profile. It is found that the value of the velocity at the inflection point 
is zero in viscous parallel flows, which is singular in the flow field. The velocity discontinuity 
obtained from theory is in agreement with simulations in literature. The discontinuity of 
streamwise velocity found in experiments is caused by velocity inflection.   
(2) It is the inflection point on the velocity profile which leads to the discontinuity and 
the instability. The singularity of the Navier-Stokes equations is the cause of turbulent 
transition and the inherent mechanism of sustenance of fully developed turbulence. 
(3) A laminar flow, no matter how it develops, if it cannot make the Navier-Stokes 
equations singular, turbulent transition cannot occur. This is also the reason why the linear 
stability theory failed to predict the transition of turbulence. 
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(4) Turbulence is mainly dominated by spanwise vortices via the discontinuity, and 
turbulence is composed of numerous singularities of Navier-Stokes equations with various 
scales.  
(5) The finding of singularity supports the criterion of turbulent transition for pressure 
driven flows proposed based on the energy gradient method that the necessary and sufficient 
condition for turbulent transition is the existence of an inflection point on the velocity profile.  
(6) The valley model (proposed in this study) due to velocity discontinuity at the 
inflection point of the velocity profile along the transverse direction agrees with the 
simulation results of channel flow at low Reynolds number (transitional stage).  
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Figure 1. Discontinuity existing during transition from laminar flow to turbulent flow. 
There is a jump for all the flow parameters such as velocity, pressure, total mechanical 
energy, shear stress as well as drag force, etc.  
 
 
 
 
 
 
Figure 2. Velocity profile during transition from laminar flow to turbulence for plane 
Poiseuille flow as observed from experiments and simulations. (a) Laminar flow; (b) 
Transitional flow; (c) Turbulence. 
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(a)               (b)               (c) 
  
Figure 3. (a) Inflection point is not located at the wall, 0'' u  at the wall; (b) Inflection 
point is located at the wall, 0'' u  at the wall; (c) Inflection point is not located at the 
wall, but 0'' u  at the wall. 
 
 
 
 
(a)                 (b)                (c) 
 
Figure 4. (a) Velocity profile of laminar flow; (b) Inflection point appears on the velocity 
profile; (c) A section of 0'' u  appears on the velocity profile, and the second inflection 
point B is produced. This evolution is typical for pressure driven parallel flows [11-16]. 
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(a)                           (b) 
Figure 5. Schematic models of streamwise velocity along the streamwise direction before and 
after the inflection point A. The incoming flow is laminar. Discontinuity occurs at the 
inflection point A with 0Au . (a) Streamwise velocity showing a velocity valley at the 
discontinuity.  (b) Pressure distribution showing a pulse at the discontinuity owing to the 
conservation of total mechanical energy along a streamline. The value of velocity after the 
discontinuity may be indefinite, and thus the value of pressure after the discontinuity may be 
also indefinite.    
.    
 
 
Fig.6 Measured pressure distribution in a puff of pipe flow which is similar to a spot in channel 
flow [38]. 
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Figure 7.  Instantaneous streamwise velocity for the one-spike stage at a wall-normal 
position z = −0.47 in the peak plane for channel flow [39], with resolution 1024 × 64 × 65, 
high-resolution ADM-RT, no-model LES (low-resolution spatial DNS). The Reynolds number 
based on the half-width of channel and the centerline velocity of laminar flow is 5000. This 
velocity profile is associated with the passage of the first hairpin vortex. At the walls, z= 1. 
 
Fig. 8 Streamwise velocity u for the various spike stages at a wall-normal position z = −0.47 
in the peak plane computed using ADM-RT on 512×32×33 grid points. From left to right and 
top to bottom: one spike stage, t* = 0, two spike stage, t* = 4, three spike stage, t* = 8, four 
spike stage, t* = 10 [39], where t* denotes a relative time measured from the one-spike stage 
(t* = 0).  
